will also examine the relationship between these integrals and other vector-valued integrals.
Throughout this paper X will denote a real Banach space and X * its dual. Definition 1. Let F : [a, b] → X be a function and let E be a subset of [a, b] .
(1) The function F is BV on E if sup
is finite where the supremum is taken over all finite collections {[c i , d i ]} i n of non-overlapping intervals that have endpoints in E.
(2) The function F is BVG on E if E can be expressed as a countable union of sets on each of which F is BV.
(3) The function F is AC on E if for each ε > 0 there exists η > 0 such
is a finite collection of nonoverlapping intervals that have endpoints in E and satisfy
(4) The function F is ACG on E if F is continuous on E and E can be expressed as a countable union of sets on each of which F is AC.
The following theorem was proved by Gordon [8] . (2) Suppose that F is measurable. If F is BV on E, then there exists a measurable set H ⊂ [a, b] such that E ⊂ H and F is BV on H.
ÈÖÓÓ . The proof of (1) is similar to the well-known proof that a BV function on an interval has one-sided limits at each point.
We turn now to the proof of (2) . Let E 1 be the set of all points t in E − E such that t is a right-hand limit point of E but not a left-hand limit point of E and let
is well-defined by (1) above and it is not difficult to show that G 1 is BV on E. Let c and d be the bounds of E and let G : [c, d] → X be the function that equals G 1 on E and is linear on the intervals contiguous to E. By [4, Theorem 3 
Then H is a measurable set since F and G are measurable functions, the function F is BV on H, and E ⊂ H. This completes the proof. 
for the norm topology of X. We will write F ap (t) = z.
everywhere on E and (x * F ) ap = x * f almost everywhere on E.
the function x * F is differentiable almost everywhere on E and (x * F ) = x * f almost everywhere on E.
and hence approximately differentiable almost everywhere on [a, b] [4, Theorem 9]. Now we define the Denjoy-Riemann and Denjoy-McShane integrals.
The function f is Denjoy-Riemann (Denjoy-McShane) integrable on the set
The following theorem shows that the Denjoy-Riemann integral is an extension of the Riemann integral.
(
The following example shows that the converse of Theorem 9 is not true.
Example 10.
A Denjoy-Riemann integrable function that is not DenjoyBochner integrable.
Define
Since f is not essentially separablyvalued, it is not measurable. By The following theorem was proved by Pettis [10] . If a Denjoy-Riemann integrable function is separably-valued, then it is DenjoyBochner integrable. To prove this we need the following theorem, which was proved by Gordon [8] .
Theorem 12. Let F : [a, b] → X be measurable, let E be a measurable subset of [a, b], and let f : E → X be an approximate scalar derivative of F on E. If F is BVG on E and if f is separably-valued, then F is approximately differentiable almost everywhere on E and F ap = f almost everywhere on E.
ÈÖÓÓ . Let E = n E n where F is BV on each E n . Using Theorem 2 we may assume that each E n is measurable. It is sufficient to prove that F ap = f almost everywhere on each E n . To this end, fix n and let ε > 0. Let H ⊂ E n be a closed set such that µ (E n − H) < ε and let c and d be the bounds of H. Let G : [c, d] → X be the function that equals F on H and is linear on the intervals contiguous to H.
, and t is a point of density of H. Then µ (H − H 1 ) = 0 and for each s in H 1 we see that
where A is a measurable subset of [c, d] that has s as a point of density. We conclude that (x * G) = x * g on H 1 and it follows that (x * G) = x * g almost everywhere on Since G is BV on [c, d] and since g is separably-valued, we find that G = g almost everywhere on [c, d] by Theorem 11. Let B be the set of all points t in H such that G (t) = g(t) and t is a point of density of H. Then µ (H − B) = 0 and for each s in B we have
Hence, the function F is approximately differentiable on B and F ap = f on B. Since µ (E n − H) < ε and µ (H − B) = 0, we have µ (E n − B) < ε. For each positive integer k, choose a measurable set
for every positive integer k, we have µ (E n − A) = 0. Hence, F ap = f almost everywhere on E n . This completes the proof. Let {γ k } be a listing of the rational numbers in [0, 1) and for each pair of positive integers n and k let
Then there exists an ACG function
Then the series
To show this, let
Let A be a set of measure zero such that For each positive integer n let
and define f n : [0, 1] → R by f n (t) = 2n (n + 1) χ I n (t) − χ I n (t) . Then the sequence {f n } converges to 0 pointwise and I f n converges to 0 for each interval n(n+1) for each n. Then t n → 0 as n → ∞, but tn 0 f n = 1 for each n. Hence G (t n ) c0 1 and G is not continuous at 0.
Suppose 
¡
In the above diagram, an arrow stands for implication. For example, the implication DB −→ DR represents that if a function f is Denjoy-Bochner integrable, then it is Denjoy-Riemann integrable.
